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Introduction

Larsen and McCarthy in]J[étroduced the notion of multiplicative systenetlR be a ring. A non-empty
subsetS of R is said to be a multiplicative closed seiR , if a,b € S impliesab € S, and multiplicative
closed sefS is called a multiplicative system 0 ¢ S. Let S be a multiplicative system iR such that
[S,R] = {0}, where[S,R] ={[s,r]| s € S,r € R}. Define a relation o® X S by (a,s)~(b, t) if and only
if there existsc € S such thatc(at — bs) = 0. This is an equivalence relation 8nx S and we denote the
equivalence class @i, s) by a;. Let Rg denote the set of equivalence classeB gfS with respect to this
relation, that iRg = {as | (a,s) € R X S } such thatag; = {(b,t) € R X S| (a,s)~(b,t)}. We can mak&s
in to ring by define addition (+) and multiplicatip): as + b, = (at + bs)s; andi,. by = (a.b)g,
for all as, b, € Rg Wwhich we call (R, +,.) localization ofR atS [1].

Throughout this papeR is a ring with a nonzero centZ(R). Recall thatrR is prime if aRb = {0}
impliesa = 0 or b = 0, and it is said an-torsion free, fom > 1, in casena = 0,a € R impliesa = 0. As
usual the commutatatb — ba = 0 will denoted by[a, b] and anti-commutatoeb + ba will denoted by
a®b. An additive mapping: R — R is called a derivation if
d(ab) = d(a)b + ad(b), holds for alla,b € R. An additive mapping:: R — R is called a generalized
derivation if there exists a derivatid: R — R such that
G(ab) = G(a)b + ad(b), holds for alla,b € R.

Over the last several years, a number of authadiest the commutativity in prime ring admitti
derivations and gneralized derivation. In [2], Fillips proved th&R is a prime ring with a nonzero idel
andd is a derivation ofR such thatd([a, b]) = [a,b],for all a,b € I, thenR is commutative. In [3]
Jabbar extended this result fmentrally prime ringFurther Rehman [9proved thaiR is commutative if a
generalized derivatiof associated with a nonzero derivation of a primg viich acts ahomomorphism
or anti-homomephism on a nonzero idel of R. In [8], Quadri, Khan ath Rehman they proved thatR is
a prime ring with a nonzero ideBbndG is a generalized derivation associated with a nanderivationd
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of R such thati([a, b]) = [a, b] andG (a°h) = a°b, for all a,b € I, thenR is commutative. In this present
paper, we extend these results for generalizedatarn on ideals in centrally prime ring.
1. Preliminaries.
We mention to some basic definitions and lesyma needed in the prove of the main results:
Definitions 1.1. [ 3]
LetR be aring.Then
1- R is called a centrally prime ring H is a prime ring for each multiplicative systedrin R with
[S, R] {0}
2- R satisfies central commutation property (CCPjdfis commutative for each multiplicative system
S in R with [S, R] ={0}.
3- A mappingf : R —R is centrally-zero mapping ak if f(S) ={0} for each multiplicative systei$
in R with [S, R] ={0}.

We give an example for a centrally prime ring whiglmot prime.
Example 1.2. Let R={[0], [2], [4], [6]}- Then (R, +g, -g) is aring. It is clear that R is a centrally prineg
but not prime.

Remarks 1.3. If R is a ring and is a multiplicative system iR such tha{S, R] = {0}, then
i. If s €S, thens; is the idenitity element aks and0; is the zero oRg, this identity does not
depend on the choice of the elements of S, thgtis and 05 = 0;, for all s,t € S.
il. If a; € Rg, wherea € R ands € S, then(—a);, is the additive inverse.
iii. If a; = 0, wherea € R ands € S, then there existse S such thata = 0.
V. If A € R, thenAs mean is the sets = {a; | a € 4,5 € S}.

Lemma 1.4.[3] LetR be a ring for whiclZ (R) has no proper zero divisors®f Then
1- S = Z(R) — {0}is multiplicative system iR with [S, R] = {0}.

Lemma 1.5.[4] If R is an n-torsion free ring arfis a multiplicative system iR such that
[S,R] = {0}, thenRg also is an n-torsion free ring.

Lemma 1.6. [3] LetR be a ring for whiclZ (R) has no proper zero divisors Bf Then
1- If t € Z(R) {0} andr € R such thatr =0 thenr =0.
2- If R satisfies (CCP) then it is commutative.
3- (Z(R))s = Z(Ry), for all multiplicative systemS in R with [S, R] ={0}.

Lemma 1.7.[7] If a prime ringR contains a nonzero commutative right ideal, tRea commutative

Theorem 1.8.[9] LetR be a 2-torsion free prime ring ahdbe a nonzero ideal &. Supposé&:R — R is a
nonzero generalized derivation associated with

(1) If G acts as a homomorphism bandd # 0, thenR is commutative.

(i) If G acts as an anti- homomorphismioandd # 0, thenR is commutative

Theorem 1.9.[8] Let R be a prime ring anflbe a nonzero ideal &. If R admits a generalized derivatiGn
associated with a nonzero derivatsuch thatG([a, b]) = [a, b] for all a,b € I, thenR is commutative.

Theorem 1.10.[8] Let R be a prime ring anflbe a nonzero ideal &. If R admits a generalized derivation
G associated with a nonzero derivattbsuch thatz(a® b) = a°b, for all a,b € I, thenR is commutative.

Lemma 1.11. [3] Let R be a ring and a multiplicative system iR such tha{S,R] ={0}. If d: R - R be
centrally zero derivation o, then d*: R¢ — Rs defined byd*(as) = (d(a));, forallag € Rsis a
derivation orRg.

2. Main Results.
To prove our main theorem, we shall need the fahgiemmas
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Lemma 2.1. Let R be a ring in which has no proper zero divisors ghd multiplicative system i® such
that[S, R] ={0}. If I is a nonzero ideal oR, thenls is a nonzero ideal &;.
Proof. SinceS + @, then there exists € S and 0 € I, henceds € I, this implies that
@ # Ig S Rs.
If as, b; € I, wherea,b € I and s,t € S, then we have
as + by = (at + bs)g € I

and ifag € Is andr; € R, for s,t € S,r € Rand a € I, then we have

(as.1) = (ar)s € Is and (1. as) = (ra)es € Is
Hence s is an ideal oR;.
If Iy =0, henceas =0, fora € I ands € S, then there exists € S such thata = 0, but R has no proper
zero divisor, sm =0o0rt =0, sincet € S and0 & S, impliest # 0, thus by Lemma 1.6 we gat= 0,
which is contradiction té # 0. Therefore must bds # 0.

Lemma 2.2. [5. Theorem 6] Let R be a ring which has no proper zero divisors. TRes centrally prime
ring.
Proof. We will show thatRs is prime.

Lemma 2.3. Let R be a 2-torsion free centrally prime ring in whi€{R) has no proper zero divisors ahd
be a commutative centrally ideal Bf ThenR is commutative.

Proof. By Lemma 1.4, we havge = Z(R) — {0} is a multiplicative system iR with [S, R] = {0}.

By Lemma 1.5, we geR ¢ is a 2-torsion free prime ring, and by Lemma 2é,getis is a centrally ideal of
Rs.

Sincel is commutative centrally ideal, thdg is also commutative sincégb;) = (a.b)s = (ba)ss =
b;.as, foralla,b € Rand s, t € S.

Hence by Lemma 1.7, we g} is commutative thereforR satisfiesCCP. HenceR is commutative.

Lemma 2.4. Let R be a ring and a multiplicative system i® such thafS, R] {0} andF : R >R be a
generalized derivation with associated centrallyozderivationd. Then G*: R¢ — R is a generalized
derivation with associated derivatidihon Rs.
Proof.
DefineG*: R — Rs by G*(as) = (G(a))s, forallag €ERg, a ERands €S
First to showG ™ is well defined.
Now for all ag by € Rs such thati; = b,, the there exists € S such that
(at — bs)x = 0, so thatatx = bsx.
Take generalized to both side, we get
G(at)x + atd(x) = G(bs)x + bsd(x)

Implies thatG (a)tx + ad(t)x = G(b)sx + bd(s)x.
Hence, we get G)tx = G(b)sx = (G(a)t — G(b)s)x =0 = (G(a))s; = (G(b))q,
ThereforeG*(as) = G*(b;).
Now we show thaf* is generalized derivation associated with deroradi*.
G"(as + by) = G*((at + bs))s) = (G(at + bs))se = (G(at) + G(bs))s

= (G(a)t + ad(t) + G(b)s + bd(s))s:

= (G(a)t + G(b)s)st

= (G(@)t)se + (G(b)S)st

= (G(@)ste + (G(b))e ss = G™(as) + G*(be)
and
G*(as.by) = G*((a.b)g) = (G(a.b))st = (G(a)b + ad(b))st = (G(a)b)s + (ad(b))st

= (G(a))she + as(d(b))e = G™(as)be + asd” (be).

HenceG* is generalized derivation associated with deroradi*.
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Theorem 2.5. Let R be a 2-torsion free centrally prime ring in whi¢fR) has no proper zero divisors and
be a nonzero centrally ideal 8f Supposes: R — R is a nonzero generalized derivation with assodiate
centrally zero derivatiod and satisfying zero mapping.
(1) If G acts as a homomorphism bandd # 0, thenR is commutative.
(i) If G acts as an anti- homomorphismioandd # 0, thenR is commutative
Proof. SinceRr is a 2-torsion free centrally prime ring, thenlllgmma 1.5, we havis is a
2-torsion free prime ring, and sintés a nonzero ideal &, then by Lemma 2.1, we gktis an ideal oRg.
By Lemma 1.4, we gef = Z(R) — {0}is a multiplicative system witfiS, R] = {0}, that is S # @, fix an
elements € S. If Is = 0, then for anyz € I, we havea € I, such that, = 0, that is there existse S such
thatta =0, and0 =t € S € Z(R), butZ(R) has no proper zero divisor &f therefore , we get = 0,
which is contradiction té = 0. Hence must b& # 0,.
If d* =0, fixans € S, then for any element € I, we havex € I
So by Lemma 1.11 we havyéd(a)); = d*(as) = 0, this implies that there existse S such thatd(a) =
0. But0 =t e Z(R) and Z(R) has no proper zero divisor &. Therefore, we get(a) = 0, which is
contradiction ford # 0. Hence must bé* # 0.
(i) SinceG acts a homomorphism dnTherefore, we must to shaW is acts a homomorphism @,
Now let ag by € Is,where a,b € I and s,t € S. We have
G*(as.by) = G*((a-b)sr) = (G(a. b)), = (G(a).G(D)),, = (G(a)s. (G(D));
= G"(as)- G (by).
HenceG* acts as a homomorphism Gn
By Theorem 1.8 part (i), we hawg is a commutative, implieR satisfiesCCP. So we geR is commutative
ring.
(ii)SinceG acts anti- homomorphism dntherefore, we must to shaw is acts anti- homomorphism én
Now let ag by € Is,where a,b € I and s,t € S. We have
G*(as.by) = G*((@.b)se) = (6(a.b)) , = (G(b).G(@)_, = (G(b)). (G(@))s
= G"(b).G"(as).
HenceG* acts as anti-homomorphism n
By Theorem 1.8 part (ii), we g& is a commutative, implieR satisfiesCCP. Therefore R is commutative
ring.

Theorem 2.6. Let R be a 2-torsion free centrally prime ring in whi¢fR) has no proper zero divisors and
be a nonzero centrally ideal Bf If G: R — R is a nonzero generalized derivation with assodiaentrally
zero derivatiord such that:([a, b]) = [a, b], for all a,b € I, thenR is commutative.
Proof.
If R is not satisfying (CCP), then there exists a rplittative systens in R with [S, R] = {0} such thaRy is
not commutative.
SinceRr is centrally prime ring, theRg is prime ring.
Now we show thatly # Oand d* # 0. If I =0 and S # @, implies that there exists an elemen€ S, so
for anyb € I, we haveb, = 0, which implies there exists € S such thatth = 0, where0 =t € § <
Z(R). By Lemma 1.6, we gét = 0. Thereford = 0, which is contradication. This impliég # 0.
Now if d* = 0, we fixs € S, sinceS # @, then for any element € I, we get
(d(a)); =d*(as) =0, for all a5 € Is Thus there exists an elemente S such thatxd(a) = 0, where
0+#x €S cZ(R). Hence by Lemma 1.6, we gét= 0, which is contradiction, that §" # 0.
Now we must to show*([as, b]) = ([as, b¢]), for all ag, b, € Iswhere a,b €I and s,t € S.
G*([as.bt]) = G*(as.by — by ay)

= G"((a.-b)st — (b.a)ts)

=G*((a.b—b.a)g)

= G"([a, b]s:) = (G([a, b])s;
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= (la,b Dse = (a.b —b.a)s

= ((a b)st - (b a)st)

= (as-by — by ay) = [as. be]
By Theorem 1.9, we gl is a commutative, which is contradiction. Hem®cenust be satisfie€€CCP) and
Z(R) has no proper zero divisor, we gets commutative ring.

Theorem 2.7. Let R be a 2-torsion free centrally prime ring in whi¢fR) has no proper zero divisors and
be a nonzero centrally ideal Bf If G: R — R is a nonzero generalized derivation with assodiatntrally
zero derivationd such thatz(a°b) = a°b, for all a,b € I, thenR is commutative.
Proof.
If R is not satisfying CCP), then there exists a multiplicative syst&rm R with [S, R] = {0} such thaRs is
not commutative.
SinceRr is centrally prime ring so iBs, thenRs is prime.
Now we show thatly # Oand d* # 0. If I = 0, thenS # @, implies that there exists an element S, so
for anyb € I, we haveb,; = 0, which implies there exists € S such thatth = 0, where0 #t €§ <
Z(R). By Lemma 1.6, we gét = 0. Thereford = 0, which is contradication. This impliég # 0.
Now if d* =0, we fixs € S ( sinceS # @), then for any element € I, we get
(d(a)); =d*(as) =0, for all a; € I5. Thus there exists an elemente S such thatxd(a) = 0, where
0#x €S cZ(R). Hence by Lemma 1.6, we gét= 0, which is contradiction, that 6" # 0.
Now we must to show*(as° b;) = (as° by), for all as, by € Igwherea,b € I and s,t € S.
G*(as° be) = G*(as. by + by.ay)

= G"((a.b)st + (b-a)¢s)

=G"((a.b+b.a)g)

= G"((a°b)st) = (G(a°b)s¢

= (a°bh)ss = (a.b + b.a)g

= ((@.b)st + (b.a)st)

= (as. by + bs.ag) = as° b,
By Theorem 1.10, we gdis is a commutative. Which is contradiction, therefonust beR satisfies CCP
andZ(R) has no proper zero divisor, we geis commutative..
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