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Introduction 
     Larsen and McCarthy in [6] introduced the notion of multiplicative system. Let 
subset � of � is said to be a multiplicative closed set in 
closed set � is called a multiplicative system if 
��, �� � �0	, where ��, �� � ��
, ��|

if there exists 
 � � such that 
���

equivalence class of ��, 
� by ��. Let 
relation, that is �� � ��� | ��, 
� � �

in to ring by define addition (+) and multiplication(.):  
��� ��� ��, �� � �� which we call  �
     Throughout this paper  � is a ring with a nonzero center 
implies � � 0 �� � � 0, and it is said an n
usual the commutator �� � �� � 0

�°�. An additive mapping �: � � �

 ����� � ����� � �����,  holds for all 
derivation if there exists a derivation 
 ���� �  ���� � �����, holds for all 
     Over the last several years, a number of authors studied the commutativity in prime ring admitting 
derivations and generalized derivation. In [2], Fillips proved that if 
and � is a derivation of � such that 
Jabbar extended this result for centrally prime ring. 
generalized derivation   associated with a nonzero derivation of a prime ring which acts as 
or anti-homomorphism on a nonzero ideal 
a prime ring with a nonzero ideal ! 
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Abstract 
In this paper, we will study some important results relating to the concept of generalized 
derivation in centrally prime ring to be commutative. 

] introduced the notion of multiplicative system. Let �
is said to be a multiplicative closed set in � , if �, � �  � implies ��

is called a multiplicative system if 0 " �.  Let � be a multiplicative system in 
| 
 � � , � � �	. Define a relation on � $ � by �
� �
� � 0. This is an equivalence relation on �

Let ��  denote the set of equivalence classes of �

� � $ � } such that �� � ���, �� � � $ � | ��, 
�~�

in to ring by define addition (+) and multiplication(.):  �� � �� � ��� � �
�

��� , �, . � localization of � at � [1]. 
is a ring with a nonzero center &���. Recall that �

, and it is said an n-torsion free, for ' ( 1, in case '� � 0, �

0 will denoted by ��, �� and anti-commutator ��

� is called a derivation if 
holds for all �, � �  �. An additive mapping  : � � �

derivation if there exists a derivation �: � � � such that   
holds for all �, � �  �. 

Over the last several years, a number of authors studied the commutativity in prime ring admitting 
eneralized derivation. In [2], Fillips proved that if � is a prime ring with a nonzero ideal 

such that ����, ��� � ��, ��, ��� ��� �, � �  !, then � 
centrally prime ring. Further Rehman [9] proved that 

associated with a nonzero derivation of a prime ring which acts as 
rphism on a nonzero ideal ! of �.  In [8], Quadri, Khan and Rehman they proved that if 

 and   is a generalized derivation associated with a nonzero derivation 
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commutativity Of 

some important results relating to the concept of generalized 

� be a ring. A non-empty 
�� � �, and multiplicative 

be a multiplicative system in � such that 
��, 
�~��, �� if and only 

� $ � and we denote the 
$ �  with respect to this 

��, ��	. We can make ��  

�� and��. �� � ��. ���� ,  

� is prime if ��� � �0	 
� � � implies � � 0. As 

�� � �� will denoted by 

� is called a generalized 

Over the last several years, a number of authors studied the commutativity in prime ring admitting 
is a prime ring with a nonzero ideal ! 

 is commutative.  In [3] 
proved that � is commutative if a 

associated with a nonzero derivation of a prime ring which acts as homomorphism 
d Rehman they proved that if � is 

is a generalized derivation associated with a nonzero derivation � 
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of � such that  ���, �]) = [�, �] and  (�°�) = �°�, ��� ��� �, � ∈  !, then � is commutative. In this present 
paper, we extend these results for generalized derivation on ideals in centrally prime ring.  

1. Preliminaries. 
     We mention to some basic definitions and lemmas we needed in the prove of the main results: 
Definitions 1.1. [ 3] 
     Let � be a ring.Then  

1- � is called a centrally prime ring if �� is a prime ring for each multiplicative system � in � with 
[�, �] ={0}.  

2- � satisfies central commutation property (CCP) if �� is commutative for each multiplicative system 
� in � with [�, �] ={0}.  

3- A mapping � ∶  � → � is centrally-zero mapping on � if �(�) ={0} for each multiplicative system � 
in � with [�, �] ={0}. 

 

We give an example for a centrally prime ring which is not prime. 
Example 1.2. Let R={[0], [2], [4], [6]}. Then (�, ++, ∙+) is a ring. It is clear that R is a centrally prime ring 
but not prime. 
 

Remarks 1.3. If � is a ring and � is a multiplicative system in � such that [�, �] = {0}, then  
i. If 
 ∈ �,  then 
� is the idenitity element of �� and 0� is the zero of ��, this identity does not 

depend on the choice of the elements of S, that is 
�-�� �'� 0� = 0� , for all 
, � ∈ �. 
ii. If �� ∈ ��, where � ∈  � and 
 ∈ �, then (−�)� is the additive inverse. 
iii.  If �� = 0, where � ∈  � and 
 ∈ �, then there exists � ∈ � such that �� = 0. 
iv. If . ⊆ �, then .� mean is the set .� = {�� | � ∈ ., 
 ∈ �}. 

 

Lemma 1.4.[3] Let � be a ring for which &(�) has no proper zero divisors of �. Then 
1- � =  &(�) − {0}is multiplicative system in � with [�, �] = {0}. 

 

Lemma 1.5.[4] If  � is an n-torsion free ring and � is a multiplicative system in � such that  
[�, �] = {0}, then ��  also is an n-torsion free ring. 
 

Lemma 1.6. [3] Let � be a ring for which &(�) has no proper zero divisors of �. Then 
1- If � ∈ &(�) −{0} and � ∈  � such that �� = 0 then � = 0.  
2- If � satisfies (CCP) then it is commutative.  
3- (&(�))� = &(��), for all multiplicative systems � in � with [�, �] ={0}.  

 

Lemma 1.7.[7] If a prime ring � contains a nonzero commutative right ideal, then � is commutative  
 

Theorem 1.8. [9] Let � be a 2-torsion free prime ring and ! be a nonzero ideal of �. Suppose  : � ⟶ � is a 
nonzero generalized derivation associated with �. 

(i) If   acts as a homomorphism on ! and � ≠ 0, then � is commutative. 
(ii)  If   acts as an anti- homomorphism on ! and � ≠ 0, then � is commutative 

 

Theorem 1.9.[8] Let � be a prime ring and ! be a nonzero ideal of �. If  � admits a generalized derivation   
associated with a nonzero derivation � such that  ([�, �]) = [�, �] ��� ��� �, � ∈  !, then � is commutative. 

 

Theorem 1.10.[8] Let � be a prime ring and ! be a nonzero ideal of �. If  � admits a generalized derivation 
  associated with a nonzero derivation � such that  (�° �) = �°�, ��� ��� �, � ∈  !, then � is commutative. 
 

Lemma 1.11. [3] Let � be a ring and � a multiplicative system in � such that [�, �] ={0}. If  � ∶  � → � be 
centrally zero derivation on �, then �∗: �� ⟶ �� defined by �∗(��) = (�(�))�,  ��� ��� �� ∈ �� is a 
derivation on ��. 
 

2. Main Results. 
 To prove our main theorem, we shall need the following lemmas. 
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Lemma 2.1. Let � be a ring in which has no proper zero divisors and  � a multiplicative system in � such 
that ��, �] ={0}. If ! is a nonzero ideal of  �, then !� is a nonzero ideal of ��. 
Proof. Since � ≠ ∅, then there exists 
 ∈ � �'� 0 ∈ !, hence 0� ∈ !�, this implies that 
 ∅ ≠ !� ⊆ ��. 
If ��, �� ∈ !�, where �, � ∈ ! �'� 
, � ∈ �, then we have  

�� + �� = (�� + �
)�� ∈ !� 
and if �� ∈ !� and �� ∈ ��, ��� 
, � ∈ �, � ∈ � �'� � ∈ !, then we have  

(��. ��) = (��)�� ∈ !� �'� (��. ��) = (��)�� ∈ !� 
Hence  !�  is an ideal of ��. 
If !� = 0, hence �� = 0, for � ∈ ! and 
 ∈ �, then there exists � ∈ � such that �� = 0, but R has no proper 
zero divisor, so � = 0 �� � = 0,  since � ∈ � and 0 ∉ �, implies � ≠ 0, thus by Lemma 1.6 we get � = 0, 
which is contradiction to ! ≠ 0. Therefore must be  !� ≠ 0. 
  
Lemma 2.2. [5. Theorem 6 ]  Let � be a ring which has no proper zero divisors. Then � is centrally prime 
ring. 
Proof. We will show that ��  is prime. 
 

Lemma 2.3. Let � be a 2-torsion free centrally prime ring in which &(�) has no proper zero divisors and ! 
be a commutative centrally ideal of �. Then � is commutative. 
Proof. By Lemma 1.4, we have � = &(�) − {0} is a multiplicative system in � with [�, �] = {0}. 
By Lemma 1.5, we get � � is a 2-torsion free prime ring, and by Lemma 2.1, we get !� is a centrally  ideal of 
��.  
Since ! is commutative centrally ideal, then !� is also commutative since (����) = (�. �)�� = (��)�� =
��. ��, ��� ��� �, � ∈ � �'� 
, � ∈ �. 
Hence by Lemma 1.7, we get �� is commutative therefore � satisfies 445.  Hence � is commutative.  
 

Lemma 2.4. Let � be a ring and � a multiplicative system in � such that [�, �] ={0} and 6 ∶  � → � be a 
generalized derivation with associated centrally zero derivation �. Then  ∗: �� ⟶ �� is a generalized 
derivation with associated derivation �∗on ��. 
Proof. 
 Define  ∗: �� ⟶ �� by  ∗(��) = ( (�))�, ��� ��� �� ∈ ��,  � ∈ � �'� 
 ∈ � 
First to show  ∗ is well defined. 
Now for all  ��, �� ∈ �� such that �� = ��, the there exists 
 ∈ � such that  

(�� − �
)
 = 0, so that ��
 = �

. 
Take generalized to both side, we get  

 (��)
 + ���(
) =  (�
)
 + �
�(
) 
Implies that  (�)�
 + ��(�)
 =  (�)

 + ��(
)
.  
Hence, we get G(�)�
 =  (�)

 ⟹ ( (�)� −  (�)
)
 = 0 ⟹ ( (�))� = ( (�))�, 
Therefore  ∗(��) =  ∗(��). 
Now we show that  ∗ is generalized derivation associated with derivation �∗. 
 ∗(�� + ��) =  ∗((�� + �
))��) = ( (�� + �
))�� = ( (��) +  (�
))�� 
                     = ( (�)� + ��(�) +  (�)
 + ��(
))�� 
                     = ( (�)� +  (�)
)�� 
                     = ( (�)�)�� + ( (�)
)�� 
                     = ( (�))��� + ( (�))�  
� =  ∗(��) +  ∗(��) 
and  

 ∗(��. ��) =   ∗((�. �)��) =  8 (�. �)9
��

= 8 (�)� + ��(�)9
��

= ( (�)�)�� + 8��(�)9
��

 

   = ( (�))��� + ��(�(�))� =  ∗(��)�� + ���∗(��). 
Hence  ∗ is generalized derivation associated with derivation �∗. 
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Theorem 2.5. Let � be a 2-torsion free centrally prime ring in which &��� has no proper zero divisors and  ! 
be a nonzero centrally ideal of �. Suppose  : � ⟶ � is a nonzero generalized derivation with associated 
centrally zero derivation � and satisfying zero mapping. 

(i) If   acts as a homomorphism on ! and � ≠ 0, then � is commutative. 
(ii)  If   acts as an anti- homomorphism on ! and � ≠ 0, then � is commutative 

Proof. Since � is a 2-torsion free centrally prime ring, then by Lemma 1.5, we have �� is a 
 2-torsion free prime ring, and since ! is a nonzero ideal of �, then by Lemma 2.1, we get !� is an ideal of ��. 
By Lemma 1.4, we get � = &(�) − {0}is a multiplicative system with [�, �] = {0}, that is  � ≠ ∅, fix an 
element 
 ∈ �. If !� = 0, then for any � ∈ !, we have �� ∈ !�, such that �� = 0, that is there exists � ∈ � such 
that �� = 0, and 0 ≠ � ∈ � ⊆ &(�), but &(�) has no proper zero divisor of �, therefore , we get � = 0, 
which is contradiction to ! ≠ 0. Hence must be !� ≠ 0,.  
If �∗ = 0, fix an 
 ∈  �, then for any element � ∈ !, we have �� ∈ !� 
So  by Lemma 1.11 we have (�(�))� =  �∗(��) = 0, this implies that there exists � ∈ � such that ��(�) =
0. But 0 ≠ � ∈ &(�) and  &(�) has no proper zero divisor of �. Therefore, we get �(�) = 0, which is 
contradiction for � ≠ 0. Hence must be �∗ ≠ 0. 
 (:) Since   acts a homomorphism on !. Therefore, we must to show  ∗ is acts a homomorphism on !�.. 
  Now let  ��, �� ∈ !�, ;ℎ=�= �, � ∈ ! �'� 
, � ∈ �. We have 

 ∗(��. ��) =   ∗((�. �)��) =  8 (�. �)9
��

= 8 (�).  (�)9
��

= ( (�))�. ( (�))� 

                  =  ∗(��).  ∗(��). 
Hence  ∗ acts as a homomorphism on !�. 
By Theorem 1.8 part (i), we have �� is a commutative, implies � satisfies 445. So we get � is commutative 
ring.      
(::)Since   acts anti- homomorphism on !, therefore, we must to show  ∗ is acts anti- homomorphism on !� . 

Now let  ��, �� ∈ !�, ;ℎ=�= �, � ∈ ! �'� 
, � ∈ �. We have  

 ∗(��. ��) =   ∗((�. �)��) =  8 (�. �)9
��

= 8 (�).  (�)9
��

= ( (�))� . ( (�))� 

                               =  ∗(��).  ∗(��). 
Hence  ∗ acts as anti-homomorphism on !�. 
By Theorem 1.8 part (ii), we get �� is a commutative, implies � satisfies 445. Therefore  � is commutative 
ring.      

 

Theorem 2.6. Let � be a 2-torsion free centrally prime ring in which &(�) has no proper zero divisors and  ! 
be a nonzero centrally ideal of �. If   : � ⟶ � is a nonzero generalized derivation with associated centrally 
zero derivation � such that  ([�, �]) = [�, �], ��� ��� �, � ∈ !, then � is commutative.  
Proof.  
If � is not satisfying (CCP), then there exists a multiplicative system � in � with [�, �] = {0} such that �� is 
not commutative.  
Since � is centrally prime ring, then �� is prime ring. 
Now we show that  !� ≠ 0�'� �∗ ≠ 0.  If  !� = 0 and  � ≠ ∅, implies that there exists an element 
 ∈ �, so 
for any � ∈  !, we have �� = 0, which implies there exists � ∈  � such that �� = 0, where 0 ≠ � ∈ � ⊆
 &(�). By Lemma 1.6, we get � = 0. Therefore ! = 0, which is contradication. This implies !� ≠ 0. 
Now if �∗ = 0, we fix 
 ∈ �, since � ≠ ∅, then for any element � ∈ !, we get 
 (�(�))� = �∗(��) = 0, ��� ��� �� ∈ !� Thus there exists an element 
 ∈  � such that 
�(�) = 0, where 
0 ≠ 
 ∈ � ⊆ &(�). Hence by Lemma 1.6, we get � = 0, which is contradiction, that is �∗ ≠ 0. 
Now we must to show  ∗([��, ��]) = ([��, ��]), ��� ��� ��, ��  ∈  !�,;ℎ=�= �, � ∈ ! �'� 
, � ∈ �. 
 ∗([��. ��]) =   ∗(��. �� − ��. ��) 
                    =   ∗((�. �)�� − (�. �)��) 
                    =  ∗((�. � − �. �)��) 
                    =  ∗([�, �]��) = ( ([�, �])�� 
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                    � ���, � ])�� = (�. � − �. �)��     
                   = ((�. �)�� − (�. �)��)           
                   = (��. �� − ��. ��) = [��. ��] 
By Theorem 1.9, we get �� is a commutative, which is contradiction.  Hence � must be satisfies (445) and 
&(�) has no proper zero divisor, we get � is commutative ring.      
 

Theorem 2.7. Let � be a 2-torsion free centrally prime ring in which &(�) has no proper zero divisors and  ! 
be a nonzero centrally ideal of �. If   : � ⟶ � is a nonzero generalized derivation with associated centrally 
zero derivation � such that  (�°�) = �°�, ��� ��� �, � ∈ !, then � is commutative.  
Proof.  
If � is not satisfying (445), then there exists a multiplicative system � in � with [�, �] = {0} such that �� is 
not commutative.  
Since � is centrally prime ring so is ��, then �� is prime. 
Now we show that  !� ≠ 0�'� �∗ ≠ 0.  If  !� = 0, then � ≠ ∅, implies that there exists an element 
 ∈ �, so 
for any � ∈  !, we have �� = 0, which implies there exists � ∈  � such that �� = 0, where 0 ≠ � ∈ � ⊆
 &(�). By Lemma 1.6, we get � = 0. Therefore ! = 0, which is contradication. This implies !� ≠ 0. 
Now if  �∗ = 0, we fix 
 ∈ � ( since � ≠ ∅), then for any element � ∈ !, we get  
(�(�))� = �∗(��) = 0, ��� ��� �� ∈ !�. Thus there exists an element 
 ∈  � such that 
�(�) = 0, where 
0 ≠ 
 ∈ � ⊆ &(�). Hence by Lemma 1.6, we get � = 0, which is contradiction, that is �∗ ≠ 0. 
Now we must to show  ∗(��° ��) = (��° ��), ��� ��� ��, ��  ∈  !�,;ℎ=�= �, � ∈ ! �'� 
, � ∈ �. 
  ∗(��° ��) =   ∗(��. �� + �� . ��) 
                    =   ∗((�. �)�� + (�. �)��) 
                    =  ∗((�. � + �. �)��) 
                    =  ∗((�°�)��) = ( (�°�)�� 
                    = (�°�)�� = (�. � + �. �)��     
                   = ((�. �)�� + (�. �)��)           
                   = (��. �� + ��. ��) = ��° �� 
By Theorem 1.10, we get �� is a commutative. Which is contradiction, therefore must be � satisfies CCP 
and &(�) has no proper zero divisor, we get � is commutative..      
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